Abstract. We prove an analog of the Verlinde formula on the moduli space of semistable meromorphic G-Higgs bundles over a smooth curve for a reductive group G whose fundamental group is free. The formula expresses the graded dimension of the space of sections of a positive line bundle as a finite sum whose terms are indexed by formal solutions of a generalized Bethe ansatz equation on the maximal torus of G.
G
and H G are not compact, the space of sections of our line bundles will be infinite dimensional. In order to get a meaningful answer we use the action of G m on H ss G which scales the Higgs field. The line bundles L we study will be equivariant with respect to this G m action, so their global sections H 0 (H ss G , L) will have a canonical G m -action. Our final formula expresses the graded dimension 
where φ k = πk h+2 + tφ
k + · · · is the unique formal power series satisfying e −i2(h+2)φ k 1 − te 2iφ k 1 − te −2iφ k 2 = 1.
We shall prove the formula in three steps:
(1) We show that for all n and i the weight n piece of H i (H, L) is finite dimensional and we compute the generating function for the Euler characteristic of RΓ (H, L) weight n , referred to as the graded Euler characteristic χ C * (H, L) -See Proposition 2.8.
(2) We use a version of the "quantization commutes with reduction" theorem to show that RΓ(H, L) ≃ RΓ(H ss , L), and in particular restricting to the open substack of semistable Higgs bundles does not change the graded Euler characteristic -See Theorem 3.7. (3) We combine a vanishing theorem for higher cohomology H i (H, L) for i > 0 on the stack itself (Appendix A) with the quantization theorem to conclude that the graded index of RΓ(H ss , L) is actually the graded dimension of H 0 (H ss , L) -See Theorem 3.11.
Step (1) is not particularly new: The universal deformation of the Verlinde algebra was conjectured in [T3] , which led to certain index formulas for K-theory classes on the stack M G , proved in [TW] . In fact, the generating functions computing the index of χ C * (H, L) amount to a special case of the generating functions computed in that paper, where we re-interpret the formal parameter t as a geometric parameter coming from the weights of a C * -action. Our computation in (1) is a straightforward modification of the computations of [TW] .
The aspect of our methods which are new crucially involve the methods of derived algebraic geometry, and serve as a relatively straightforward sample application for the more general theory of derived Θ-stratifications developed in [H] and [HL2] (See also the survey [HL3] ). Specifically, the main structure theorem of [H] allows one to compare the cohomology of perfect complexes on H and H ss in steps (2) and (3). The quantization theorem of [H, Lemma 2.9 ] is a generalization of the quantization theorem of [T2] for smooth stacks with Θ-stratification (referred to as a KNstratification in that case), with the introduction of derived algebraic geometry to deal with the fact that the Harder-Narasimhan strata need not be regularly embedded when the stack is singular.
The remaining input, described in the appendix Appendix A, is the vanishing of
where T M G is the tangent complex of M G and L a line bundle having positive level. The proof, which has been known to Teleman for some time, generalizes and simplifies the vanishing theorem proved in [FT] , and builds on the work of [T, FGT] .
This work was also inspired by recent results and conjectures in the physics literature: In [GP] , Gukov and Pei study a 3-dimensional TQFT defined on Seifert manifolds called β-deformed G complex Chern-Simons theory, and they identify the partition function of this theory on Σ × S 1 for the compact group G c = U (n) with the partition function of a certain "equivariant G c /G c gauged WZW model" [GP, Section 6 .1]. They conjecture that their partition function with R-charge assignment R = 2 computes the graded dimension of H 0 (H ss , L). We formulate the problem in mathematical terms, and prove their conjecture (Although our final answer differs from theirs by an overall factor of 1 − t, See Example 3.10). 0.1. What's in this paper? We prove our main result, the equivariant Verlinde formula in Theorem 3.11, for the stack of semistable L-valued G-Higgs bundles on a smooth curve Σ, where G is any reductive group such that π 1 (G) is free and L is either K (in genus g > 1) or any invertible sheaf such that deg(L) > max(0, 2g − 2). We also obtain an equivariant Verlinde index formula in Theorem 3.7 which holds for more general L. Our set up includes as a special case L = K(D) for an effective divisor D, which is sometimes referred to as "meromorphic Higgs bundles with poles along D" [M] , as well as the case L = ( √ K) R , which corresponds to the partition function of the the equivariant G c /G c -gauged WZW model with arbitrary R-charge assignment of the adjoint chiral multiplet as studied in [GP] . For any L the stack H has components corresponding to the topological type of the underlying G bundle, and we have been careful to isolate the contributions coming from each of these connected components. The value of dim C * H 0 (H ss , L) will only have a contribution from the component corresponding to topologically trivial G-bundles, so our equivariant Verlinde formula expresses the value of dim C * H 0 (H ss , L(µ)), where µ is a character of G and L(µ) (See Equation 4) is a twist of L. L(µ) only has sections on component 2 of H ss corresponding to Higgs bundles of a single topological type, determined by µ, and in fact L(µ) descends fractionally to an ample bundle on the good moduli space of that component. Finally, we give some more concrete geometric interpretations, in terms of good moduli spaces and framed bundles, in §3.6 and §3.7 respectively. 0.2. Author's note. The mark of Constantin Teleman's perspective is indelible throughout this paper, and I would like to thank him for suggesting this problem as a thesis project, and for many helpful conversations over the years. I have also benefited from many helpful conversations with Christopher Woodward, Tony Pantev, and Dima Arinkin on the details of this work. In addition, I have appreciated the support and interest of several of the faculty members at Columbia, including Johan De Jong, Michael Thaddeus, Daniel Litt, Davesh Maulik, and Andrei Okounkov. This research was supported by Columbia University.
While completing this paper I attended a conference 3 at which Jørgen Ellegaard Andersen announced a proof, joint with Sergei Gukov and Du Pei, of our main theorem. After speaking a bit about the contents of our papers, we decided to complete our projects independently. Ultimately there are some similarities and differences: they go into a lot more depth than our Remark 2.10 in the case of parabolic bundles, they treat the case of low genus in detail, and they use their results to construct a 2D TQFT which encodes these index formulas. On the other hand, they only treat simply connected semisimple G, and they focus on the line bundles L = K R/2 . More significantly, they rely on a codimension argument to obtain their dimension formulas on the semistable locus, and thus their results do not include the vanishing of higher cohomology on the semistable locus. I would like to thank them for being so cordial and collegial in coordinating the simultaneous release of our final papers.
Background
As our results build on the index formulas of [TW] , we will mostly adopt the notation from that paper. G will denote a (connected) complex reductive group, and we fix a complex maximal torus and Borel subgroup T ⊂ B ⊂ G. For a finitely generated abelian group A, we let A Q := A ⊗ Q, A C := A ⊗ C, and denote the subgroup A(n) := (2πi) n A ⊂ A C . Analytically, we identify T = N C /N (1), where N is the cocharacter lattice of T , which we canonically identify with π 1 (T ) as well. In particular for ξ ∈ N , z → z ξ = e log(z)ξ is a homomorphism C * → T . We let M denote the Z-dual of N , so that M = Hom(N (1), Z(1)) = Hom(T, C/Z(1)) is the character lattice of T , and
is the dual torus. In particular e α : T → C * is a homomorphism.
1.0.1. The stack of Higgs bundles. Fix an invertible sheaf L on Σ. We denote π : Σ × M G → M G be the projection, E : Σ × M G → BG the universal bundle, z ⊂ g the center, and
Note that P L is connective, so we may regard Sym(P L ) as a connective sheaf of commutative differential graded algebras (CDGA's) on M G × BG m , where Sym k has weight k with respect to the G m -action. We define the reduced stack of L-valued Higgs bundles
2 It is not clear a priori that each connected component of H is irreducible, and therefore that the projection H ss → MG induces a bijection on connected components. In the case where L = K and g > 1 it follows from the results of [BD] , and for deg(L) > max(0, 2g − 2) it was recently shown in [A, Proposition 3.2] .
3 The lecture was "Geometric Quantisation of Higgs Moduli Spaces", at the conference "New Perspectives on Higgs Bundles, Branes, and Quantization," June 13-17, at the Simons Center. 
is actually an equality. If S is a classical scheme, then using relative Serre duality one can show that a map S → H G,L , which factors canonically through H cl G,L , classifies a G-bundle E : S × Σ → BG along with a section of (π S ) * (L ⊗ E * (g ∨ )) (a Higgs field).
Remark 1.1. This generalizes the more commonly studied notion of Higgs bundles, which corre-
is the stack of meromorphic Higgs bundles with poles along D [M] . The naive generalization for reductive G would be Spec(Sym(Rπ
). This has the issue that the presence of a nontrivial center z ⊂ g introduces a trivial summand of P L in homological degree 1 whenever h 1 (L) > 0. This will cause H G,L to have a non-trivial derived structure and complicate the ultimate interpretation of our index formula (see subsection 3.5 for further discussion). Our definition of the "reduced" stack of L-valued G-Higgs bundles H G,L above removes this extra derived structure without changing the underlying classical stack.
For most of the paper we will work with a derived stack X G,L which is the quotient of H G,L by the action of G m which scales the Higgs field. To be precise, we regard Sym(P L ) as a sheaf of
When the dependence on G and L is understood, we will drop them from the notation X G,L , H G,L , and P.
is an equivalence, as is the pullback map in cohomology, and topological K-theory. 4 For any of these claims it suffices express M G as an ascending union of open substacks which are global quotients, and over which X G,L is the quotient of an affine cone by a scaling action.
5
We will consider several tautological perfect complexes on
). These are p * of the complexes on M G referred to as "even Atiyah-Bott classes" in [TW] , regarded as complexes on M G × BC * with C * acting trivially.
We regard an element h ∈ H 4 (BG; Q) as an invariant quadratic form on g, and we say that it is positive if it is positive definite on N (1) (or equivalently, negative definite on N ). We say that L ∈ Pic(X G,L ) has level h if c 1 (L) lies in the image of the transgression homomorphism τ : H 4 (BG; Q) → H 2 (X G,L ; Q), or equivalently if the corresponding invertible sheaf on M G × BC * has level h (after forgetting the action of BC * ) in the sense of [TW] . The invertible sheaves with 4 By this we mean the cohomology and K-theory of the topological stack underlying the analytification of the underlying classical stack.
5 If one defines the algebraic K-theory of a locally finite type stack to be the homotopy limit of K(Perf(U)) for larger and larger finite type open substacks U, then p * induces an equivalence in algebraic K-theory as well.
positive level are those for which c 1 (L) lies in the
features prominently in the sequel.
1.0.3. Topologial classification of G-Higgs bundles. Because G is connected, the topological type of a principal G bundle on Σ is classified by its Chern class in
6 Therefore we identify the torsion free quotient π 1 (G) tf with a full-rank lattice of π 1 (C) Q . The inclusion π 1 (C) ֒→ π 1 (T ) ≃ N gives a canonical embedding
Alternatively, this splitting can be identified with the canonical decomposition as a W -representation
Thus we associate to any principal G-bundle an element of N Q , which completely determines the topological type of the G-bundle if π 1 (G) is torsion free. In this case we label the connected components of
connected components, so we label them X G,L,γ as well (again omitting G and L from the notation when they are implied by context).
1.0.4. Gerbes and rigidification. The subgroup C is central in G, so the canonical action by right multiplication on any S-family of G-bundles E is actually an action by automorphisms of G-bundles. This defines a canonical sub group sheaf S ×C ֒→ Aut M (E) over S, and it amounts to an embedding of the constant relative group scheme M × C ֒→ I M . By a general construction (See, for instance [AOV, Appendix A] ) one has a "rigidification," an algebraic stack M C with a map M → M C which is a relative gerbe for C. Furthermore for any S-family of G-bundles E as above we have the canonical exact sequence of group schemes over S,
so points of M C no longer have canonical positive dimensional subgroups of their automorphism groups. The procedure of rigidification commutes with the formation of good moduli spaces, so the map
and is a good moduli space for the latter. Any perfect complex on M canonically decomposes into a direct sum of perfect complexes of constant weight µ ∈ C with respect to the central action of C. For any G-representation V , let V = µ∈ C V µ denote its splitting into isotypical pieces under the action of C.
are concentrated in C-weight µ at every S-point of M. This implies that for any S-family of G-bundles E, the induced C-action on the
Q is trivial, so we have embeddings H × C ֒→ I H and X × C ֒→ I X just as with M.
Remark 1.2. This gives another perspective on the derived moduli of reduced Higgs bundles in the case L = K. The complex P K has C weight 0 and thus descends uniquely to M G C.
7 Regarding 6 Another way to see this equivalence is to consider the short exact sequence of Lie groups 1
coincides with the quotient of π1(G) by is torsion subgroup. In other words π1(G) Q → π1(G ab ) Q is an equivalence, so the claim follows from the fact that C → G ab is an isogeny of tori. 7 This can be checkedétale locally over MG C, so we may reduce this to the case of a trivial gerbe, which is easy to check directly.
with the right hand side interpreted as above. We are not aware of a reference for the rigidification procedure in the context of derived stacks, but observe that
is still a C-gerbe in the derived setting, and likewise for X G,K . We can thus regard H G,K = T * (M G C) heuristically (pending a formal treatment of rigidification in derived algebraic geometry).
1.0.5. Harder-Narasimhan stratification. The stack H has a stratification whose open stratum H ss ⊂ H classifies semistable L-valued Higgs bundles. H cl,ss admits a good quotient H cl,ss → H whose connected components are projective-over-affine. See [S2] for a construction with L = K and the components of X with trivial rational Chern classes, and [N, S] for a construction with general L and G = GL n .
The complement of H ss G,L , the locus of unstable bundles, is the union of locally closed strata classifying Higgs bundles of fixed Harder-Narasimhan type. More precisely, any unstable Higgs bundle (E, φ) admits a canonical reduction of structure group (E ′ , φ ′ ) to a parabolic P ⊂ G, called the Harder-Narasimhan reduction [DP] . The topological type of E ′ is determined by an element of π 1 (P ) = π 1 (P/U ), where U is the unipotent radical, which we can identify as above with an element ξ ∈ N Q , which will be dominant. Then P = P ξ will be the standard parabolic subgroup defined by ξ, and we denote G ξ ⊂ G the corresponding Levi subgroup. Thus we denote the (set theoretic) stratification
where the locally closed strata S H ξ are indexed by those dominant ξ ∈ N Q which lie in the subgroup π 1 (P ξ ) ⊂ N Q . The stratification of H G,L is C * -invariant, and so descends to a stratification X G,L = X ss G,L ∪ ξ S ξ . 1.0.6. Harder-Narasimhan stratification as a Θ-stratification. The Harder-Narasimhan stratification of H G,L and X G,L are Θ-stratifications in the sense of [HL] , meaning that the strata admit modular interpretations as open substacks of the mapping stack Map(Θ, H G,L ) and Map(Θ, X G,L ) respectively, with Θ := A 1 /G m . This observation, along with the algebraicity of this mapping stack in the derived context established in [HLP] , is crucial to the results of this paper, in that it equips S ξ canonically with the structure of a locally closed derived subscheme, which need not be classical even when H is.
Let us describe the mapping stack Map(Θ, X G,L ) explicitly: Any invertible sheaf on Θ must be of the form O Θ k for some k ∈ Z, and a G-bundle Θ × Σ corresponds to a ξ ∈ N and principal P ξ -bundle E for the standard parabolic P ξ ⊂ G (see [HL] ). We can consider the weighted descending filtration of g where g ξ≥p ⊂ g is the subspace spanned by eigenvectors of ξ of eigenvalue ≥ p. This is a filtration as a P ξ -representation, so we have a filtrations of E * (g), which is the adjoint bundle of the associated G-bundle E × P ξ G, by the subbundles E * (g ξ≥p ).
A map Θ → X G,L therefore consists of a choice of k ∈ Z, ξ ∈ N , a P ξ -bundle E, and a section of Γ(Σ, L ⊗ E * (g ξ≥k )). Likewise the groupoid of maps S × Θ → X G,L for a connected scheme S is equivalent to the groupoid consisting of (k, ξ) ∈ Z × N , an invertible sheaf Q on S, a P ξ -bundle E on S × Σ, and a section of π * (L ⊗ E * (g ξ≥k )) ⊗ Q on S. The discrete invariants (k, ξ), along with the topological type of the P ξ -bundle E, index the connected components of the mapping stack Map(Θ, X G,L ). The mapping stack Map(Θ, H G,L ) has the same description, except that Q is trivialized and k = 0.
Say (E, φ) ∈ X G,L is an unstable G-Higgs bundle with Harder-Narasimhan type ξ ∈ N Q . Choosing a positive n ∈ Z such that nξ ∈ N , the cocharacter nξ along with the Harder-Narasimhan 6 reduction to P nξ = P ξ ⊂ G correspond to a G-bundle on Θ × Σ, and the fact that φ is compatible with this reduction means that φ lies in
Hence the Harder-Narasimhan reduction gives the data of a map f : Θ → X G,L along with an isomorphism f (1) ≃ (E, φ), canonical up to the choice of multiplier n corresponding ramified covers of Θ. This description works in families as well.
The centers of the Θ-strata, denoted Z ss ξ , are open substacks of Map(BC * , X G,L ). They also have explicit modular interpretations in this case: they are equivalent to X ss G ξ ,L , where G ξ denotes the centralizer of ξ (i.e. the Levi subgroup associated to ξ). The map σ ξ : Z ss ξ → X G,L , factoring through S ξ , is the map which induces a family of G-Higgs bundles from a family of G ξ -Higgs bundles via the inclusion G ξ ֒→ G. The projection S ξ → Z ss ξ is the induction map for the homomorphism
Z ξ is a G m -gerbe, as ξ itself defines a homomorphism ξ S : G m × S → Aut S (E, φ) for every S-family of G ξ -Higgs (E, φ). Thus every complex in QCoh(Z ξ ) decomposes functorially into a direct sum of complexes on which ξ acts with constant weight, and we use the term weights of F ∈ QCoh(Z ξ ) to refer to the weights in which these summand on non-vanishing. We sometimes use F >0 and F ≤0 to denote the direct summand concentrated in weight > 0 and ≤ 0 respectively. After restricting to Z ss ξ , [H, Lemma 2.4 ] identifies the exact triangles of cotangent complexes,
, the top row refers to the canonical exact triangle for the inclusion S ξ ֒→ X with the derived structure discussed above, and the bottom from is the canonical decomposition of L X | Z ss ξ into positive and nonnegative weight pieces. This identification fails if instead we used the underlying classical stack S cl ξ .
2. Index formulas on X 2.1. Recollections on non-abelian localization. Given a Θ-stratification of a quasi-smooth derived stack Y = Y ss ∪ S β indexed by some totally ordered set β ∈ I, we recall the non-abelian localization theorem of [H] . We define L 
We define η β to be the weight of det(L + β ). Note that the complex is concentrated in weight ≤ η β , and the summand of E β in any fixed weight is a perfect complex. We shall say that a complex of vector spaces is "finite dimensional" if the direct sum of all homology groups is finite dimensional as a k-vector space.
Theorem 2.1 (Virtual non-abelian localization). [H] Let Y be a quasi-smooth derived stack with a
is finite dimensional for all β and acyclic for all but finitely many β. Then RΓ(Y, F ) is finite dimensional if and only if RΓ(Y ss , F ) is, and we have From this characterization of Perf(Y) L−adm , the claim follows easily from the following properties, which are loosely analogous to the properties of a valuation on a ring:
As discussed above, if Y ss and Z ss β are cohomologically proper in the sense of [HLP] , which is the case for the Θ-stratifications of M γ and X γ by Remark 3.17, then RΓ(Y, F ) is finite dimensional for any almost admissible complex F . We also note that because Perf(Y) L−adm is a stable symmetric monoidal ∞-subcategory,
Specializing to the case where Y = M G : If L ∈ Pic(M G ) has level h then the ξ-weight of L| Z ss ξ is h(ξ, ξ) (see Lemma 3.3), which is negative and grows with order |ξ| 2 . Furthermore
In fact, this implies that F is L-admissible for some L of level h > −c if and only if it is L-admissible for any such L. By the weight computations of [TW] , the Atiyah-Bott complexes E * x V and E * Σ V admit upper bounds of order O(|ξ|) on the ξ-weights of their restrictions to M ss G ξ , hence they are L-admissible for any L of level h > −c.
Lemma 2.4. Let L ∈ Pic(M G ) have level h > −c, and let F ∈ Perf(M G × BG m ) be a complex such that 1) F is concentrated in finitely many weights with respect to G m , and 2)
). This will split into a finite direct sum of complexes of the form RΓ(M, F k ⊗ L ⊗ Sym k (P)), where F k is summand of F of G m -weight k, and finite dimensionality follows from the L-admissibility of F k ⊗ Sym k (P), which we check with Lemma 2.3. F k is L-admissible because it is a summand of F . The ξ-weights of the complex P admit a bound of order O(|ξ|) by the weight computations of [TW] , thus P ⊗k and Sym k (P) are L-admissible.
Remark 2.5. In fact any F ∈ Perf(X) whose restriction to M × BG m is concentrated in finitely many weights with respect to G m admits a finite filtration whose associated graded is p * (F | M×BGm ). So the conclusion of the previous lemma applies to any F ∈ Perf(X) such that F | M×BGm satisfies the stated hypotheses.
2.1.1. Algebraic equivalence on K-theory. Note that our definition of L-admissible complex is slightly more general than the notion of admissible classes in topological K-theory K 0 top (M G ), defined in [TW] as the span of Atiyah-Bott generators E * x V and E * Σ V tensored with an L with level exceeding c, the level of K 1/2 . It follows a posteriori from their explicit index formulas that for these complexes the algebraic index χ(M G , −) depends only on the underlying topological Ktheory class. We expect that for L-admissible complexes in our more general sense, χ(Y, L ⊗ F ) only depends on the topological K-theory class of F , but we will get away with a slightly more naive formulation:
We shall consider the equivalence relation ∼ of algebraic equivalence on algebraic K-theory in three contexts: on K 0 (Perf(X)) when X is a scheme, for K 0 of the category of almost admissible complexes on a quasi-smooth Y with Θ-stratification, and for K 0 (Perf(Y) L−adm ) in the same situation. By definition the relation on K 0 (Perf(Y) L−adm ) is generated by the relation F 0 ∼ F 1 if there is a connected smooth scheme S with points 0, 1 ∈ S and F ∈ Perf(S × Y) which is L-admissible with respect to the induced Θ-stratification of S × Y and such that F | {0} ≃ F 0 and F | {1} ≃ F 1 .
Algebraic equivalence in the category of almost admissible complexes on Y or on K 0 (Perf(X)) (regarded as having a trivial Θ-stratification) is defined analogously. It is compatible with tensor products and λ-operations in K 0 (Perf(X)) and K 0 (Perf(Y) L−adm ), and the map F → L ⊗ F from almost admissible complexes to Perf(Y) L−adm is compatible with algebraic equivalence. If Y ss and Z ss β admit proper good moduli spaces (or are cohomologically proper) then Theorem 2.1 implies that the index χ(Y, −) descends to the quotient
2.2. The index formula. First let us recall the set up of [TW] . We fix a level h ∈ H 4 (BG; Q) such that h ′ = h + c is a negative definite integer-valued quadratic form on N . Then ξ → ι(ξ)h ′ defines a homomorphism N → M which descends to an isogeny χ ′ : T → T ∨ . Note that for a weight α ∈ M , we can define a formal map 1 − te α : T → C, and regard (1 − te α ) α : T → T ∨ . We define
We let F h,t denote the set of formal points of T which solve the equation χ ′ t (f ) = e 2πiρ ∈ T ∨ , the generalized Bethe ansatz equation, and F reg h,t denotes solutions which are regular G-conjugacy classes at t = 0. Let H(f ) : t → t ∨ denote the differential of χ ′ t at f ∈ T , and convert this to a map H † (f ) : t → t using h ′ . Finally, define
Example 2.6. For G = SL 2 both N ≃ M ≃ Z, and T = C/Z(1) ≃ C * . The level − Tr C 2 corresponds to the positive generator O(1) of Pic(X G,L ). For the level corresponding to O(h), the map χ ′ : C * → C * is χ ′ (f ) = f −2(h+2) for f ∈ C * . We have
F h,t consists of formal solutions of χ ′ t (f t ) = 1, which are uniquely determined by their leading term f 0 , which is a 2(h + 2)-root of unity. The Weyl group action on the set of solutions is f t → f −1 t , so there are h + 1 regular solutions up to the action of W . Under the change of coordinates f = e iφ , we have f 2 + f −2 = 2 − 4 sin 2 (φ) and (1 − tf 2 )(1 − tf −2 ) = (1 − t) 2 + 4t sin 2 (φ). Re-expressing these equations in terms of φ leads to the formula (1) in the introduction.
Example 2.7. In the case of GL 2 , we identify a point in the maximal torus T by its diagonal entries (u, v) = (e iτ , e iσ ) ∈ (C * ) 2 . A positive level corresponds to a quadratic form on the Lie algebra of the form −h 1 (τ 2 + σ 2 ) − 2h 2 τ σ where h 1 and h 2 are positive integers and h 1 > h 2 . In this case the Bethe ansatz equation is χ ′ t (u, v) = (−1, −1), which amounts to
We leave it as an exercise for the reader to compute the Jacobian determinant of χ ′ t (u, v) with respect to the coordinates τ and σ in order to find θ t (u, v).
denote the invertible sheaf L concentrated in weight −n with respect to G m , and let U be a representation of G. Then we have (7) with f t ∈ F reg h,t ranging over a complete set of Weyl orbits, and where χ(L) = deg(L) + 1 − g is the Euler characteristic and
Proof. By the projection formula the power series above is the index of the series of admissible complexes
which we can rewrite in
We can compute this index by a straightforward modification of [TW, Theorem 6.4 ]: We rewrite
as L-admissible complexes, and
in each t-degree. By expressing the class λ −t in terms of Adams operations ψ p as in [TW] and using the fact that
The formula now follows from the main index formula of [TW, Theorem 2.15] . The prefactor of
). Remark 2.9. This computation can be readily modified to incorporate other even Atiyah-Bott generators as in [TW, Theorem 6.4 ], or odd Atiyah-Bott generators.
Remark 2.10 (Parabolic Higgs bundles). In the notation of [TW] , we may consider the stack M(x, B) of G-bundles along with a reduction of structure group to B at the point x (i.e. parabolic bundles for the full flag parabolic structure). This projects p : M(x, B) → M as a G/B flag bundle, and there is a natural line bundle on M(x, B) extending the weight line bundles O(µ) on the fibers of p. We let L{µ} denote the twist by this line bundle. There are equivariant index formulas on the cotangent stack T * M(x, B), i.e. the stack of parabolic Higgs bundles, analogous to the one computed above:
Consider the graded index of L{µ} ⊗ E * x U pulled back to T * M(x, B), defined as a generating function for the index on the stack T * M(x, B)/G m as in Proposition 2.8. This amounts to computing
where T M(x,B) is the tangent complex. The canonical exact triangle for tangent complexes gives the identity
, where T p is the relative tangent bundle. Therefore this index is equal to the index of p
via the projection formula, and the result is
(1 − te −α )(1 − e α ) Tr U (f t ), (8) where the sum is taken over all of F reg h,t instead of Weyl orbits. The factors of 1 − te −α and e µ account for the weights of λ −t (T π [1]) ⊗ O{µ}, whereas the factors of 1 − e α and the summation over W come from the Weyl character formula.
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Our methods can be extended to treat the case of T * M(x, B), and more generally T * M(x, P) for any quasi-parabolic datum P (See [T2, §9]). In this setting the Θ-stratification of T * M(x, P), and even the semistable locus, depends on a choice of stability condition, encoded in the choice of a positive line bundle L on M(x, P). For example on M(x, B) this is a line bundle of the form L{µ} above, so it is specified by a positive line bundle on M and a weight of B. In principal, the index formula (8), when U is trivial, can be interpreted as the index of such a positive L{µ} on T * M(x, P) ss where semistability is taken with respect to the same L{µ}. As the analysis of the stratification is a bit more delicate, we postpone a full discussion for future work.
The equivariant Verlinde formula
We now use Theorem 2.1 combined with the index formula of Proposition 2.8 to establish formulas for the equivariant index of certain positive bundles on the semistable locus X ss G,L,γ . 3.1. The Euler complexes for the moduli of Higgs bundles. We now compute E ξ for the Θ-stratification of X G,L . Specifically we would like to compute the highest weight −η ξ appearing in E ξ . As X ≃ Spec M×BGm (Sym(P)), we have that L X/M ≃ p * P, and we can express L X as
where p :
For any point in Z ss ξ , classifying a map BG m → X, we can compose with p to get a map γ : BG m → M (this corresponds to forgetting the Higgs field and the auxiliary map to BG m ). So we have
BGm ) , where we restrict to BG m along γ.
We let g >0 and g <0 denote the subspace with positive (resp. negative) weights with respect to ξ, and we compute
, and
Using the fact that
Here ρ denotes half the sum of positive roots of G. Observe that if deg(L) ≥ 0, then η ξ ≥ 0 for all ξ. In particular this happens for the most commonly studied case L = K as long as g > 0.
3.2. C-weights and connected components. Using the central action of C, we will produce index formulas for each individual component of H G,L .
Proof. The claim only depends on c 1 (L) and is linear in h, so it suffices to show this for D Σ (V ). Let V = µ∈C V µ be the decomposition into C-weights. Using the fact that E * Σ V µ has C-weight µ and det(V µ ) = C rk(Vµ)·µ is an integral (as opposed to fractional) character of G, one computes that
regarding γ as an element of N Q .
Note that when h is positive, any γ is determined uniquely by ι(γ)h. Therefore when L has a positive level it has distinct C-weights on the connected components of X. Lemma 3.1 implies that RΓ(X γ , L) will vanish for γ = 0, and more generally
where µ = −ι(γ)h and V µ denotes the µ-isotypical summand of V .
Example 3.2. Consider the case of G = GL n , and let σ 1 , . . . , σ n be a basis for the lattice N of cocharacters (hence also a basis for the Lie algebra of the maximal torus). A positive level is a quadratic form h = (
, where C n is the standard representation and det is the determinant character. The topological type of a vector bundles is classified by its degree d, corresponding to the element 
e. if and only if dh 1 ≡ dh 2 mod n.
3.3. When quantization commutes with reduction. For any locally free sheaf of the form
The following is an observation of [TW, §1.11] in the case of the moduli of G-bundles, which we prove here for the reader's convenience:
Proof. Let σ : M G ξ → M G be the map assigning a family of bundles for the Levi subgroup G ξ ⊂ G to the induced family of G bundles. It is evident from the definition that σ * : Pic(M G ) → Pic(M G ξ ) maps an invertible sheaf of level h to one of level h| g ξ . On the other hand, the center of G ξ contains the one parameter subgroup corresponding to ξ, and by definition a point on Z ss ξ ⊂ M G ξ classifies a bundle of topological type ξ ∈ π 1 (G ξ ) ⊂ N Q . Thus Lemma 3.1 implies that the ξ-weight is (ι(ξ)(h| g ξ ))(ξ) = h(ξ, ξ).
We can now establish a version of the "quantization commutes with reduction" theorem.
In particular this holds if deg(L) ≥ 0.
has ξ-weight µ(ξ) for any ξ and any character µ of G. We combine this with Lemma 3.3 and the computation of η ξ above. Then Proposition 3.4 implies the conclusion of the theorem, provided that
Q ) except for ξ = γ (which corresponds to the semistable locus of X γ ). The claim of the proposition follows from rewriting this in terms of ξ ′ , where ξ = γ + ξ ′ under the direct sum decomposition
Remark 3.5. For completeness, we note that the proof above leads to a more general statement:
Q denote the canonical decomposition into W -trivial and W -nontrivial summands. Fix a representation V and let Ω ⊂ M ′ Q be the points µ ′ for which −ι(γ)h + µ ′ is a weight appearing in the character of V . Then Proposition 3.4 implies that for any invertible sheaf
for all µ ′ ∈ Ω and all nonzero ξ ′ ∈ N + Q ∩ N ′ Q for which γ + ξ ′ appears as a label for some HarderNarasimhan stratum of X γ .
This condition on h is an infinite intersection of open half-spaces, hence defines a convex subset of the positive cone C Ω ⊂ H 4 (BG; Q). If we fix µ ′ ∈ Ω, then (11) is an inequality between the negative definite quadratic form h and a linear form 2 deg(L)ρ− µ ′ on a discrete subset of N ′ Q which does not include the origin, so for any positive level h we have kh ∈ C Ω for k ≫ 0.
The main index formula. We will unpack the discussion above in slightly more concrete terms. Given an invertible sheaf L ∈ Pic(X G,L ) with positive level h, we will also use L to denote its restriction to the stack of Higgs bundles
) have a canonical G m action coming from scaling the Higgs field, 10 and we define the graded Euler characteristic
Recall from above that this vanishes unless µ = −ι(γ)h. We recall the notation F reg h,t and θ t (f ) for §2.2. Combining Proposition 2.8 with Proposition 3.4 gives: Theorem 3.7 (Equivariant Verlinde index formula). Let L ∈ Pic(X) have positive level h. Then for any γ ∈ π 1 (G) for which µ = ι(γ)h ∈ M W Q is integral we have
and h is sufficiently positive (Remark 3.5). Here f t ranges over a complete set of Weyl orbit representatives, with χ(L) = deg +1 − g and
Remark 3.8. We can rewrite the left-hand side of (12) a bit more concretely in terms of the underlying classical stack as
10 More precisely, we have a cartesian square, with flat maps,
The base change formula implies that RΓ(H ss γ , L(µ)) ≃ Rπ * (L(µ))|pt, which is equivalent to specifying a grading on the former. The weight n graded summand is canonically isomorphic to RΓ(X ss γ , L(µ) n ). 11 As noted above, the equivariant index χ C * , and in fact RΓ, vanishes for L(µ) for any µ other than µ = ι(γ)h. 
as discussed in Remark 1.1, then all of the previous computations work with minimal modification. The only difference is that in the statement of Proposition 2.8 and Theorem 3.7 one must take # L = rank(g)(g − 1 − deg(L)).
Example 3.10. When L = ( √ K) R for R ∈ Z, the index formula of Proposition 2.8 mostly agrees with the "equivariant Verlinde formula" proposed in [GP] , which computes the partition function of the "β-deformed complex Chern-Simons theory on Σ × S 1 ," where R denotes the assignment of R-charge for the adjoint chiral multiplet. Gukov and Pei's formula uses # L = rank(g)(g − 1 − deg(L)) = rank(g)(1 − R)(g − 1), as in the previous remark. These agree when deg(L) > 2g − 2, but in the case where L = K, our choice is the one which can be interpreted as the graded dimension of the space of global sections on some classical stack or scheme (See Theorem 3.11). When deg(L) < 2g − 2, e.g. when the R-charge is < 2, the stack H G,L,γ may have non-trivial derived structure, and a priori this can contribute H i for i < 0 to the index (12).
3.5. The equivariant Verlinde formula. In this section we offer a more recognizable and geometric version of the Verlinde formula. Adopting the notation of Theorem 3.7, we have G,L,γ , L(µ)). There are two proofs. The first, which is simpler, applies only when L = K and for certain connected components of H ss G,K which we show are smooth (they are gerbes over a smooth projectiveover-affine DM stack). The general claim relies on a vanishing theorem proved in the appendix, which builds on earlier vanishing theorems of [FT, FGT, T] .
If there is a strictly semistable point, one can consider the associated graded of the Jordan-Hölder filtration to obtain a polystable point [O] . In other words there is a dominant cocharacter ξ ∈ N + and a semistable G ξ -Higgs bundle (E, φ) whose induction (E G , φ G ) to G is semistable of topological type γ. Let γ ′ ∈ π 1 (G ξ ) ⊂ N Q classify the topological type of E, then we claim that γ ′ = γ, and hence γ in not primitive: Indeed γ ′ maps to γ under the projection π 1 (G ξ ) Q → π 1 (G) Q , but we claim that γ ′ ∈ π 1 (G) Q ⊂ π 1 (G ξ ) Q already. If not, then some power of γ ′ would correspond to a central cocharacter of G ξ which, together with the tautological reduction of structure group of (E G , φ G ) to the standard parabolic P γ ′ , would destabilize (E G , φ G ).
As smooth derived stacks are classical, this implies that H ss G,K,γ = H ss,cl G,K,γ for primitive γ. Note that this lemma is why we have used the reduced stack of Higgs bundles instead of T * M G -the latter is not smooth at any point unless Z(G) is finite. The composition of the map H G ab -fr,ss → H ss composed with the map to the C-rigidification H ss → H ss C (see the proof of Theorem 3.11 in the smooth case) is a relative gerbe banded by the finite group ker(C → G ab ). Therefore H G ab -fr,ss has the same good moduli space as H ss . For L ∈ Pic(X), we abuse notation and let L denote the restriction to H G ab -fr,ss as well. In the notation of Theorem 3.7 we have Corollary 3.22. If ι(γ)h is integral then the formula (12) expresses dim C * H 0 (H G ab -fr,ss G,L,γ , L), under the hypotheses of Proposition 3.14, and
RΓ(H G ab -fr,ss , L) vanishes if ι(γ)h is not integral.
Combining the several of the previous results, Proposition 2.8 and Proposition 3.4, with our discussion of when H G,L is classical, we can state a slightly more general, if slightly weaker, corollary. If L ∈ Pic(X) has positive level h such that µ = ι(γ)h is integral, we can restrict L to H G-fr,ss G,L,γ and define the canonically G-equivariant graded ring
As a representation of G, R L,k is concentrated in C-weight kµ.
Corollary 3.23. Assume the hypotheses of Proposition 3.14. Then for any irreducible G-representation U , the formula (7) of Proposition 2.8 gives the graded dimension of the U ⊗C kµ -isotypical summand of R L,k for k ≫ 0.
